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In this paper, we apply a modified version of the variational iteration method (MVIM) for solving
Burgers’ and coupled Burgers’ equations. The proposed modification is made by introducing He’s
polynomials in the correction functional of the variational iteration method (VIM). The use of La-
grange multiplier coupled with He’s polynomials are the clear advantages of this technique over the

decomposition method.
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1. Introduction

Burgers’ and coupled Burgers’ equations are of
great significance in the diversified physical problems
related to engineering and applied sciences. The appli-
cations of these equations include approximation the-
ory of flow through a shock wave travelling in a vis-
cous fluid and in Burgers’ model of turbulence [1].
Several techniques including decomposition, finite ele-
ment, Galerkin and cubic spline are employed to solve
such equations analytically and numerically, see [1]
and the reference therein. Most of these used schemes
are coupled with the inbuilt deficiencies like calcula-
tion of the so-called Adomian’s polynomials and non-
compatibility with the physical nature of the prob-
lems. He developed the variational iteration and ho-
motopy perturbation methods and applied them on a
wide class of physical problems, see [2— 14] and the
references therein. In a later work Ghorbani et al. intro-
duced He’s polynomials [15, 16] which are compatible
with Adomian’s polynomials but are easier to calcu-
late and are more user friendly [2, 3]. It has been estab-
lished by Xu [17], Shou and He [18] that He’s vari-
ational iteration method (VIM) has clear advantages
over the decomposition method. It needs to be high-
lighted that He’s variational iteration method (VIM)
has become the hottest topic for applied sciences [19].
Recently, Noor and Mohyud-Din [20 — 25] made the el-
egant coupling of He’s polynomials and the correction
functional of VIM. It is worth mentioning that He’s

polynomials are calculated by applying He’s homotopy
perturbation method (HPM) [2-8, 15,16, 18,20-28].
This very reliable modified version [20—-25] (MVIM)
has been proved useful in coping with the physical na-
ture of the nonlinear problems and hence absorbs all
the positive features of the coupled techniques. The ba-
sic motivation of this paper is the application of this
elegant coupling of He’s polynomials and correction
functional of VIM for solving Burgers’ and coupled
Burgers’ equations. The numerical results are very en-
couraging.

1.1. Variational Iteration Method Using He’s
Polynomials (MVIM)

To illustrate the basic concept of the MVIM, we
consider the following general differential equation:

Lu+ Nu=g(x), (H

where L is a linear operator, N a nonlinear operator, and
g(x) is the forcing term. According to VIM [2,4,9—
14,17,18,20-25], we can construct a correction func-
tional as follows:

wa@) =+ [AOLE)
+ N () —(8))4E

where A is a Lagrange multiplier [2,4,9-14], i, is
a restricted variation; (2) is called a correction func-
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tional. Now, we apply He’s polynomials [15, 16]

which is the MVIM [20-25] and is formulated by
the coupling of VIM and He’s polynomials. The com-
parison of like powers of p gives solutions of various
orders.

2. Numerical Applications

In this section, we apply the variational iteration
method using He’s polynomials (MVIM) for solving
Burgers’ and coupled Burgers’ equations.

Example 3.1 [1] Consider the following one-
dimensional Burgers equation:

U + Uty — Vg, = 0,

with the initial condition

a+B+(B—a)exp(y)

00 =T e

’ t>07

where ¥ = (¢/v(x — A) and the parameters o,f, A
are arbitrary constants. The correction functional is
given by

Upy1(x,) = up(x,t)

au,, p 0%, 0%,
+/ a{ ( Up 82 —VW>dS.

Making the above functional stationary, the Lagrange
multiplier can be identified as A (s) = —1 and we get

t( duy, d%uy,
un+1(x,t):un(x,t)—/0 (8—ut+u —va—;>ds.

Now we apply the variational iteration method using
He’s polynomials (MVIM):

2
%u,
" ox2

o+ B+ (B—a)exp(y)
14 exp(7)

u0+pul+p2u2+"':
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auo 8u1 zauz
—p/{ +p o +- }d

r
—P/O {(uo+Pu1+P2u2+"')

82u0 82u1
— +P55 +
ox ox

%uy 0%u,
—v( o TP —i-m)]ds.

By comparing the co-efficient of like powers of p, we
obtain

a+B+(B—aexp(y)

O+ o (x,1) =

P . 0( J) 1+exp(3/) )

W)y (xp) = EFB+(B—)exp(y)

P () 1 +exp(y)
2af*exp(y)

v(1+exp(y))

p(Z) ZMZ(X,[) _ a+ﬁ+ (ﬁ - Oc)exp(}/)

1 +exp(7)
20B%exp(y) | a’B2exp(y)(=1+exp(y))
v(1+exp(y)) v2(1+exp(7))? ’

The series solution is therefore given by
) CBH (B @exn(y)
’ 1+exp(y)
2082exp(y) |
v(1+exp(y))
o’ exp(y)(=1+exp(t)
v3(1+exp(y))’
o' B exp(y)(1 — 4exp(y) +exp()’) 4

- 3V3(1—|—exp( ))
4.
and in a closed form by
w(x,1) = o+ B+ (B—oa)exp(x/v)(x—Pr—2A)
s 1+exp(X/v) (X—ﬁt—l) .

Example 3.2 [1] Consider the following homoge-
neous coupled Burgers equation:

2uuy+ (uv), =0,
2w+ (uv), =0

Ut — Uxx —
Vit — Vxx —
with the initial conditions

u(x,0) =sinx, v(x,0) =sinx.
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Fig. 4. Solution u(x,#) with the parameters @ = 1, 8 = 0.2,
v=051A=1.
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Fig. 1. Solution u(x,z) with the parameters @ = f =v =
A=1.
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Fig. 2. Solution u(x,) with the parameters & —v = 1, B — Fig. 5. Solution u(x,t) with the parameters @ = 1, § = 0.2,
P v=0.5,2 = 0.4.

Fig. 3. Soluti . ith th =1,B=2, . .
Vli 43 Asi%tlon u(x,t) with the parameters & B Fig. 6. Plot of the solutions u(x,) or v(x,?).
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The correction functional for the above mentioned coupled system with Lagrange multiplier A(s) = —1, is
given by
) =) [ (G = =2l ). )
Up41\X,T) = Un(X, o oL Ox2 Un\Un )x UpVp)x | AS.
t (v, 0%v,
i (0) = () = [ (G = G2 = 2un(0)s+ () ) .

Now we apply the variational iteration method using He’s polynomials (MVIM):

o+ puy + prur+ -+ =

xt+p/

(G

82141
P o

du %uy 5 0%u,
Port '>_<ax2 g e +"')]ds

1 d J
—p/o [z(uo+pu1+~~->(£+ et )—((uo+pu1+--->(vo+pv1+---))x}ds,

VO+pV1+pZVQ+"' xt+p/
avl

! aV()
—p/o {2(vo+pvl+”‘)<g+pa

By comparing the co-efficient of like powers of p, we
obtain

) uy (x,1) = sin x — ¢ sin x,
p . .
vo(x,t) =sinx—¢ sin x,

2
up(x,t) =sinx—t sinx+ Esinx,

2
. . [
va(x,7) =sinx—¢sinx+ 7y sinx,

The series solutions are given by

2 8 t4
t) =si 1—1t -
u(x,t) s1nx< —|—2 o 4' >,

23 t4
v(x,t) =sinx 1—t+ + =+
’ 20 31 4' ’

(5

avl

e )= (L
Par o2 P

82v1 282\12
dx? T dx? +--->}ds

+- >—((uo+pu1+---)(v0+pv1+~~~))x}ds.

and the closed form solutions are given as

(u,v) = (exp(—t)sin x,exp(—t)sin x).

3. Conclusion

In this paper, we applied the variational iteration
method using He’s polynomials (MVIM) for finding
the solutions of Burgers’ and coupled Burgers’ equa-
tions. The use of Lagrange multiplier coupled with
He’s polynomials are the clear advantages of this tech-
nique over the decomposition method.
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